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Abstract
We study the growth of superhorizon modes in the curvature perturbation during an ultra-slow-
roll or a large-η phase in single-field inflation. In a simple toy model, we derive the two-point
correlation function of the curvature perturbation and show that the requirement for causality
restricts the growth rate and hence puts a lower limit on the value of η. The toy model is then
realized by considering an inflation potential with an inflection point. Our study is useful to
assessing the growth of the curvature perturbation that seeds the formation of primordial black
holes.
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I. INTRODUCTION
The inflation scenario is generally accepted for explaining the observed spatial flatness
and homogeneity of the Universe. A simple model of the scenario such as the slow-roll
inflation driven by a flat inflaton potential predicts quasi de Sitter vacuum fluctuations.
These fluctuations could give rise to Gaussian and nearly scale-free metric perturbation
containing both density fluctuations and gravitational waves [1].
Recent cosmological observations have measured the density perturbation in an unprece-
dented accuracy, thus supporting the slow-roll inflation model [2]. Future observations will
target at unveiling the detailed features of the metric perturbation such as non-gaussianities,
the running spectral index, and the B-modes [3]. These large-scale measurements have pre-
cisely determined the slow-roll parameters of the inflaton potential in the beginning of infla-
tion or about 60 e-folds before the end of inflation; however, they can hardly tell us anything
about inflation in a later stage or at smaller scales.
Recently, stimulated by the detection of gravitational waves from binary-black-hole merg-
ers made by Advanced LIGO/VIRGO [4], various inflation models have been re-visited to
explore the production of large curvature perturbation in a later stage of the inflationary
epoch that seeds the formation of primordial black holes [5, 6]. In particular, a specific
model of the single-field inflation can produce a large curvature perturbation as long as the
potential has an inflection point at which the slow-roll condition is violated [6]. In this
paper, we will scrutiny this model, concentrating on the time evolution of the superhorizon
modes of the curvature perturbation.
II. SINGLE-FIELD INFLATION MODEL
In a flat universe with a scale factor a, the equation of motion of the inflaton in a single-
field inflation model with a given potential V (φ) is given by
φ¨+ 3Hφ˙+
dV
dφ
= 0, (1)
where the dot denotes the derivative with respect to the time t and the Hubble parameter
H = a˙/a is governed by the Friedmann equation,
H =
√
1
3
(
1
2
φ˙2 + V
)
, (2)
in which we have set the reduced Planck mass Mp = 1. Let us introduce the Hubble flow
parameters 1,
ǫ = − H˙
H2
, η =
ǫ˙
ǫH
. (3)
1 Originally ǫ and η are termed as the Hubble slow-roll parameters. On cosmological scales, observations
constrain them to satisfy the so-called slow-roll condition: |ǫ| ≪ 1 and |η| ≪ 1. Here we discuss a situation
with arbitrary values of ǫ and η, so for our purpose we rename them as the Hubble flow parameters.
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From Eqs. (1) and (2), they become
ǫ =
φ˙2
2H2
, η = −6 − 2
φ˙H
dV
dφ
+
φ˙2
H2
. (4)
In the course of inflation, quantum fluctuations of the inflaton field give rise to the
curvature perturbation. In terms of the Mukhanov-Sasaki variable v [7], the Fourier mode
vk satisfies
v′′k +
(
k2 − z
′′
z
)
vk = 0, (5)
where the prime denotes the conformal time derivative, dτ = dt/a, and z = a
√
ǫ. Here the
initial condition for vk is chosen to be the standard Bunch-Davies vacuum state:
vk → 1√
2k
e−ikτ , as
k
aH
≫ 1. (6)
We can re-write Eq. (5) in terms of ζk = vk/(a
√
2ǫ) as
ζ ′′k + (2 + η) aHζ
′
k + k
2ζk = 0, (7)
and the power spectrum of the curvature perturbation is given by
∆2ζk =
k3
2π2
|ζk|2 . (8)
For a slow-roll inflation with |ǫ| ≪ 1 and |η| ≪ 1, H and ǫ are approximately constant
and we have a = eHt = −1/(Hτ). Therefore, Eq. (7) has a simple analytic solution,
ζk =
π1/2H
2k3/2
1√
2ǫ
(−kτ)3/2H(1)3/2(−kτ), (9)
where only the Hankel function of the first kind appears because
√
2ǫζk → e−ikτ/(a
√
2k)
as −kτ ≫ 1. Further, the power spectrum of the curvature perturbation can be found by
taking the late time limit (−kτ ≪ 1) as
∆2ζk =
H2
8π2ǫ
. (10)
III. A TOY MODEL WITH A LARGE η
Let us consider a toy inflation model that has |ǫ| ≪ 1 and the temporal change of η given
by
η =


0, τ0 < τ < τ1
η¯, τ1 < τ < τ2
0, τ2 < τ < τe
(11)
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where τ0 and τe denote the beginning and the end of inflation, respectively. Then, H can
be treated as a constant, a = eHt = −1/(Hτ), and Eq. (7) has the solution,
A−1ζk =


(−kτ)3/2H(1)3/2(−kτ), τ0 < τ < τ1
(−kτ)ν
[
c1H
(1)
ν (−kτ) + c2H(2)ν (−kτ)
]
, τ1 < τ < τ2
(−kτ)3/2
[
d1H
(1)
3/2(−kτ) + d2H(2)3/2(−kτ)
]
, τ2 < τ < τe
(12)
where
A = π1/2H/(2k3/2
√
2ǫ0), ν = (3 + η¯)/2. (13)
The power spectrum of the curvature perturbation at the end of inflation for modes satisfying
−kτe ≪ 1 is simply given by
∆2ζk =
H2
8π2ǫ0
|d1 − d2|2. (14)
Given a k-mode, we can match the above piecewise functions at τ = τ1 and τ = τ2 to
determine c1, c2, d1, and d2. First of all, it is interesting to look at a special case in which
η¯ = −6 (ν = −3/2). Using the relationships,
H
(1)
−α(x) = e
iαπH(1)α (x) and H
(2)
−α(x) = e
−iαπH(2)α (x), (15)
we find that
c1 = i(−kτ1)3, c2 = 0; d1 =
(
τ2
τ1
)−3
, d2 = 0. (16)
For an arbitrary η¯, since we are concerned with the mode growth on superhorizon scales, we
discuss three representative cases as follows.
Firstly, we consider the modes that have left the horizon before τ = τ1 (i.e. −kτ1 ≪ 1).
Using the asymptotic forms at small x when Re(α) > 0,
H(1)α (x) ∼ −H(2)α (x) ∼ −
(
i
π
)
Γ(α)
(x
2
)−α
, (17)
we obtain that
c1 − c2 ≃
√
2π
Γ(ν)
2−ν , d1 − d2 ≃ 1 for ν > 0; (18)
c1e
−iνπ − c2eiνπ ≃
√
2π
Γ(−ν)2
ν(−kτ1)−2ν , d1 − d2 ≃
(
τ2
τ1
)2ν
for ν < 0. (19)
The former case (i.e. η¯ > −3) means that the modes with −kτ1 ≪ 1 are frozen once they
cross out the horizon. In the latter case, they still grow even after exiting the horizon.
Next we consider a k-mode such that −kτ1 ≫ 1 and −kτ2 ≪ 1. Using the asymptotic
forms at large x,
H(1)α (x) ∼
√
2
πx
ei(x−
1
2
απ− 1
4
π), (20)
H(2)α (x) ∼
√
2
πx
e−i(x−
1
2
απ− 1
4
π), (21)
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we obtain that
c1 ≃ −(−kτ1) 32−νei(
1
2
νπ+ 1
4
π), c2 = 0; (22)
d1 − d2 ≃ − 2
ν
√
2π
Γ(ν)(−kτ1) 32−νei(
1
2
νπ+ 1
4
π) for ν > 0; (23)
d1 − d2 ≃ − 2
−ν
√
2π
Γ(−ν)(−kτ1) 32+ν
(
τ2
τ1
)2ν
ei(−
1
2
νπ+ 1
4
π) for ν < 0. (24)
Lastly, for the k-mode with −kτ1 ≫ 1 and −kτ2 ≫ 1, we find that
c1 ≃ −(−kτ1) 32−νei(
1
2
νπ+ 1
4
π), c2 = 0; (25)
d1 ≃
(
τ2
τ1
)ν− 3
2
, d2 = 0. (26)
When η¯ = 0, in all cases we have |d1 − d2|2 ≃ 1 and thus the power spectrum in
Eq. (14) becomes the standard slow-roll solution. When η¯ > 0, the power spectrum is
suppressed. When η¯ < 0, due to the mode growth on superhorizon scales, the power
spectrum is amplified, for example in Eq. (19), by a factor,
(
τ2
τ1
)4ν
= e−4ν∆N , (27)
where the e-folding is defined by N =
∫ t
0
H(t′)dt′ and ∆N = N2−N1 is the change of e-folds
from τ1 to τ2.
IV. TWO-POINT CORRELATION FUNCTION
One may ask whether the superhorizon growth violates the causality. To answer this
question, we examine the correlation length by computing the equal-time two-point correla-
tion function. In order to save the causality, the correlation length should always be smaller
than the causal horizon.
The two-point correlation function is defined by
〈ζ(~x, τ)ζ(~x′, τ ′)〉 =
∫
d3~k
(2π)3
ζk(τ)ζ
∗
k(τ
′)ei
~k·(~x−~x′), (28)
where ζk is the solution in Eq. (12). It suffices to consider the function in the period
τ1 < τ < τ2 when η¯ 6= 0. The results in the previous section suggest that we can take c1 of
the form c1 = Ck
β and set c2 = 0. Then, Eq. (28) becomes
〈ζ(~x, τ)ζ(~x′, τ ′)〉
=
πH2
8ǫ0
|C|2(ττ ′)ν
∫
d3~k
(2π)3
k2(β+ν)−3H(1)ν (−kτ)H(1)∗ν (−kτ ′)ei~k·(~x−~x
′)
=
H2
4π3ǫ0
|C|2 (ττ
′)ν
|~x− ~x′|
∫ ∞
0
dk k2(β+ν)−2 sin (k |~x− ~x′|)Kν(ikτ)Kν(−ikτ ′).
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In most of the cases, as found in Eqs. (16), (22), and (25), we have |C|2 = |τ1|3−2ν and
β = 3/2− ν. Hence, we obtain that
〈ζ(~x, τ)ζ(~x′, τ ′)〉
=
H2
32π2ǫ0
(
ττ ′
τ 21
)ν− 3
2
Γ
(
3
2
+ ν
)
Γ
(
3
2
− ν
)
2F1
(
3
2
+ ν,
3
2
− ν; 2; 1− 1
w
)
, (29)
where |ν| < 3/2 and
w =
4ττ ′
−(τ − τ ′)2 + |~x− ~x′|2 .
For any two spatial points separated by a distance much greater than the horizon, i.e.
|~x− ~x′| ≫ |τ |, we can set τ = τ ′ and take the limit w → 0+ in Eq. (29) to obtain the
equal-time correlation,
〈ζ(~x, τ)ζ(~x′, τ)〉 = H
2
8π5/2ǫ0
(
τ 2
τ 21
)ν− 3
2
(
τ 2
|~x− ~x′|2
) 3
2
−|ν|
Γ (|ν|) Γ
(
3
2
− |ν|
)
, (30)
which diminishes with the two-point separation when |ν| < 3/2 (0 > η¯ > −6). This means
that although the modes are growing on superhorizon scales, the growth is causal in the
sense that the correlation length is safely smaller than the horizon. It is worth noting that
by means of the toy model, we have shown that the causality condition requires that η¯ >∼ −6.
In the next section, we will use a realistic inflation model to further examine this lower limit.
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FIG. 1: The inflaton potential V (φ) in Eq. (31), normalized by V0. All dynamical variables in this
figure and in the following figures are rescaled by the reduced Planck mass, Mp = 2.435 × 1018
GeV.
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FIG. 2: Evolution of H (dashed line) and φ (solid line) against e-folds N , with H0 = 7.65× 10−8,
φ0 = 8.48 × 10−4, and φ˙0 = 1.90 × 10−11. Note that the inflation ends at N ∼ 60.
V. INFLATION WITH AN INFLECTION POINT
In order to have a large value of η, we utilize an inflation model with an inflection point.
The potential is given by
V (φ) = V0
[
1 + c1
φ
cΛ
+
c3
3!
(
φ
cΛ
)3
+
c4
4!
(
φ
cΛ
)4
+
c5
5!
(
φ
cΛ
)5]
. (31)
We tune the above potential parameters and the initial conditions of the inflaton motion,
given by
cΛ = 0.3, V0 = 1.7574× 10−14,
c1 = −0.7278× 10−4, c3 = −0.52, c4 = 1.0, c5 = −0.6407;
φ0 = 8.5× 10−4, φ˙0 = 1.9× 10−11; (32)
such that at near the inflection point the inflaton undergoes an ultra-slow-roll motion, while
the inflaton acceleration is non-negligible. In addition, the amplitude of the power spectrum
of the curvature perturbation as well as the levels of the scalar spectral index, the tensor-
to-scalar ratio, and the scalar spectral index running on large cosmological scales are all
consistent with the Planck measurements: ∆2ζk ≃ 2.4 × 10−9, ns ≃ 0.97, r < 0.06, and|dns/d ln k| < 0.013 [2, 8].
Figure 1 is the inflaton potential with an inflection point. Figure 2 depicts the evolution
of the Hubble parameter and the inflaton mean field. We can see that the inflaton field
is almost stationary near the inflection point at φ ≃ 0.95 and hence prolongs the duration
of inflation by about 25 e-folds. The evolution of the Hubble flow parameters is shown in
Fig. 3, where a sudden drop in ǫ at N ∼ 32 results in a large decrease of η. The value of
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FIG. 3: Evolution of ǫ = −H˙/H2 (dashed line) and η = ǫ˙/(ǫH) (solid line).
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FIG. 4: Power spectrum of the curvature perturbation. The thick solid curve is the exact numerical
result from solving Eq. (7). The dashed curve is an approximate result obtained by Eq. (10). The
thin solid curve is the numerical result with ζk evaluated at the horizon-crossing time for each
k-mode.
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FIG. 5: Snapshots of the evolution of the curvature perturbation in the course of the inflation,
timed by successive e-folds N = 32, 33, 34, 35, 36, 37, 38, 60. When drawing a curve for the snapshot
at time N , the k-modes that have not yet crossed out the horizon are omitted, so the curve ends
at the e-folding N .
η has reached about −7 at N ∼ 35, which is close to the predicted lowest limit of η by the
causality argument in the previous section.
We numerically solve for ζk in Eq. (7) under the initial condition (6). The power spectrum
of the curvature perturbation is then given by Eq. (8) with ζk evaluated at the end of
inflation. In the present consideration, we specifically compare the exact numerical result
with that directly obtained by the approximate formula in Eq. (10). Figure 4 shows that
the approximate formula underestimates the rapid growth of the curvature perturbation
when η has a large negative value. Also, in order to highlight the superhorizon growth,
we have produced a power spectrum using Eq. (8) in which ζk takes the value when the
k-mode crosses the horizon. This power spectrum, denoted by the thin solid curve in Fig. 4,
matches the one from the approximate formula. In Fig. 5, we show the growth of the
curvature perturbation in the course of the inflation.
In Sec. III, based on the toy model, we have shown that the growth of the superhorizon
modes can boost up the power spectrum by a factor of e−4ν∆N . We can check this with the
numerical results as follows. In Fig. 3, the evolution profile of η can be roughly captured by
the shape of a square well with a depth of about −7 at N ∼ 35 and a width of ∆N ≃ 3.
This gives rise to a boost factor of about e24 ∼ 1012, which matches fairly well to the large
power increase from the thin solid line to the exact power spectrum at N ∼ 34 in Fig. 4.
Figure 5 depicts how the growth of the superhorizon modes during the short interval of a
few e-folds at N ∼ 34 renders the large boost to the power spectrum.
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VI. CONCLUSIONS
We have analyzed the evolution of the superhorizon modes of the curvature perturba-
tion during single-field inflation in a period when the slow-roll condition is violated. The
conservation of the superhorizon curvature perturbation, derived in the assumption of the
slow-roll condition [9], is no longer valid, as the superhorizon modes can grow rapidly in
an ultra-slow-roll phase during which the speed of the inflaton is extremely low, while the
acceleration is large. Nevertheless, the principle of causality implies an upper bound on the
growth rate.
We have illustrated the superhorizon growth in a full numerical calculation with the
inflaton potential having an inflection point. The inflation undergoes an ultra-slow-roll
phase at the inflection point such that the value of ǫ is extremely small whereas η can
reach a negative value as low as about −7. This value is consistent with the lower limit of
η ∼ −6 estimated by an analytic study in the present work. As a consequence, the curvature
perturbation can grow enormously to a peak value of ∆2ζk ∼ 0.01 at N ∼ 34, which serves
as seed for forming primordial black holes of mass about 10−8M⊙.
Our analytic study can be readily used to assess the growth of the curvature perturba-
tion during ultra-slow-roll inflation for estimating the abundances and the mass ranges of
primordial black holes formed when the curvature perturbation re-enters the horizon.
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